TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2009-2010
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

Ciul (a) Ching minh rang v6i moi x;,x, € (e, +©) ma x; <x,, taco:

Inx,; Inx
72
X1 %)

(b) Chimg minh bat dang thire: 20092°'° > 20102 .

Cau2 Cho f:N —R thoa min cic diéu kién sau

=22
AOIA®) f(n) _n+l
T+T+...+ i = 5 f(l’l)

(a) Hay biéu dién f(n) qua f(n—1)
(b) Tim gidi han L = lim (2009 +n) f(n)

n—>+0

Cau 3 Giai hé phuong trinh:

X +2xy +3x; +4x, +5x5 +6x =1
Xy + 2%y +3x4 +4x5 +5x5 + 6x, =2
Xy +2x4 +3x5 +4xc +5x, +6x, =3
Xy +2x5 +3x5 +4x, +5x, + 63, =4

x5+2x6+3xl+4X2+SX3+6X4:5

Ciu 4 Cho cac hamsd f(x), g(x) dwong, lién tyc, / ting, g giam trén [0, 1].
1 1
Chting minh ring : j F(x)g(x)dx < j F(x)g(1—x)dx
0 0

Cau5 (a) Chodathic f(x)=x>" +ax’+bx+c.

Tim céc s6 thuc a, b, ¢ sao cho f{x) chia hét cho g(x) =x —2
va fix) chia cho A(x) =x* — 1 thi du r(x) = 2x.

(b) Trén bang c6 2009 dau trir va 2010 diu cong tai cac vi tri bat ky. Ta
thuc hién mdi 1an x6a hai ddu bt ky thi viét thém vao d6 mot diu cong
néu x6a hai dau giéng nhau hodc mot diu trir néu xo6a hai ddu khac nhau.
Hoi sau khi thuc hién 4018 1an x6a nhu trén thi trén bang con lai dau gi?



TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2010-2011
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

Ciul (a) Chung minhrang: ¢’ >1+¢, Vi>0.

(b) Chting minh rang: / = J. sin’ X gy 37”

Cau2 Cho a>0.Xétdaysd {u,} dugc xac dinh boi:

=a; Uy =va+a;u, =\/a+\/a+x/5;....un =\/a+\/a...+x/; :

~
n can so

(a) Chung minh rang diy {un} 1a ddy sé duong, ting va bi chan trén.
(b) Tim lim u, .

n—>+w0

a+b+c=1
Cau3 Chobasd a,b,c thoamin: {a’+b*+c*=1.
A+b+3 =1

Chirng minh rang véi moi s6 nguyén duong n ta ludén co: a”" +b" +c" =1.

/2
Cau 4 Tinh tich phan: [ = j [cos?(sin x) + sin®(cos x)] dx.

Ciu 5 (a) Cho céc da thic voi hé sé thuc f(x), g(x) théa man:
F(x)= f(x*°" +2009) + x.g(x**'° + 2009) chia hét cho x> +x+1 .

Goi a, £ 1a hai nghiém phirc ciia phuong trinh x* + x +1=0. Hiy chimg

—1= 2010 — ﬁ2010

minh rang o = S° tir 46 suy ra rang

£(2010) = g(2010)=0.

(b) Ban An ¢6 3 manh gidy. Tir 3 manh gidy nay, ban An ldy ra mot manh
roi x¢ nd thanh 3 manh. Trong cac manh giay c6 dugc An lai 1ay ra mot
manh r0i lai xé thanh 3 manh nhé hon. Ctr nhu thé sau mot thoi gian An
ding lai va dém dugc 120 manh gidy. Ban An di dém dung hay sai? Vi
sao?



TRUONG PH THUY LQI PE THI OLYMPIC TOAN SINH VIEN 2011-2012
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

Ciu 1l (a) Cho f(x) 1a ham sé lién tyc trén [ — a ; a], ching minh rang:

j S (x)dx = j [/ (x)+ f (=x))dx

(b) Tinh tich phéan: = dex.
° I+x
Cau?2 Chodaysd {u,} dugc xac dinh boi: 2942 N0
Uy, = u, — , Vnzl
n n
(a) Chung minh rang: u, =n2"+1, n=1,2,3,...
. . 2"(2012n+2011
(b) Hay tim gidi han: lim ( nT ) .
n—>o0 u,
Cau3 Cho ba sb thuc x, v,z thoa man
al = 4 = z =x+y+z

y+z+2011 x+z+2011 x+y—4022
(a) Chung minh rang néu x,y,z khac 0 thi x+ y+z:l

(b) Timbasb x,y,z.

Ciu 4 (a) Cho ham sd lién tuc 1 :[0;1] > R sao cho f(0)<1< f(1). Khi do
chimg t6 rang phuong trinh sau lubn ludn c6 nghiém trong (0;1)

F(x)—sin®? x —cos®? x=0.

(b) Timham s f(x) thoa mdn f'(Inx)=x, Vx>0 va f(1)=1.

Ciu 5 (a) Timhésé cua x° trong khai trién da thuc sau:

P (x)=1+x)1+2x)(1+3x)...(1 +nx) v6i n=1

(b) Trong mdt cudc thi Toan, téng sé diém ctia Binh va Pong bang tong sb
diém cua An va Chi. Néu tinh tong s6 diém cua An va Binh thi s€ vuot grc}i
hon tong s6 di€m hai nguoi kia. Ngoai ra s6 di€ém cua Pong 16n hon tong

s6 diém cia Binh va Chi. Hay x4c dinh thit hang ctia bon ngudi theo thi tyr
diém tir cao t6i1 thap, biét rang diém thi 1a s6 khong am.



TRUONG PH THUY LQI PE THI OLYMPIC TOAN SINH VIEN 2012-2013
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

1—x?

1
Caul Choham f(x) lién tuc trén [0, 1] va [ f(r)dt> véi Vxe[0,1].

Goi F(x) 1a mdt nguyén ham ciia f(x). Chirg minh rang:

1 1

(a) j Xf (x)dx + j F(x)dx=F(l).
o

(b) £ of () >

Céiu 2 Cho diy sb {u,} théa man cac diéu kién sau

2012
U =——-
6
U Uy u, n+l
—+—=+..+L1= u,
I 2 n
(a) Hay biéu dién u, qua u,_;.
(b) Tim cong thirc tong quat cla u,.
Cau 3 Giai hé phuong trinh
X +x,+ot+x,  +x,=1
1+ x
X2 +...+Xn_1 +xn =
xn_l+xrh.+xwl
n
1
Caud Tinh tich phan 7= j In(2x — 1+ V4x? — 4x + 2)dx
0
. 2 , Y S
Caus5 (a) Cho f(x)=—— . Tinh gia tri biéu thuc

4% +2
_ o1 2 3 2012
A_f(zomj”(zom}f(2013J+'"+f(zom)

(b) Ba ban An, Binh va Chinh bat dau céng viéc méi ciia ho vao clng
mot ngdy. Lich lam viéc cia An 1a lam lién 5 ngdy rdi nghi mot ngay.
Lich cta Binh 1a 1am lién 12 ngay rdi nghi 3 ngay. Con lich ciia Chinh 1a
lam lién 15 ngay roi nghi 5 ngay. Hoi trong 2012 ngay lam viéc, ¢ bao
nhiéu ngay ca ba nguoi nghi cung nhau? Bao nhi€u ngay chi c6 2 nguoi
cung nghi?




TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2013-2014
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

Caul Xéthamsd f(x)=x>—-4026x+2013.2014, xeR.
Pinh nghia f"(x)= f(f""(x)) véi neN,xeR.

, SR 2013 22013
a) Chung minh rang: /= ~(x)=2013+(x—-2013)

1
b) Hay tinh tich phan sau: = I 728 (x)dx.

0

Ciu 2 a) Ching minh diy sd 4 +1 1addy sé giam va bi chin dudi.
u n

nl — 7

b) Cho day {xk} xac dinh tir hé thie:

I 1 1 | ,
Xlzl, _+_+...+_:_; I’l:2,3,... Tlnh X2013.
X X X, nx,

Cau 3 Giai h¢ phuong trinh sau vé1 a;,a,,a;,a,1a cac so thuc khac nhau.

‘al —az‘x2 -l—‘a1 —a3‘x3 -l—‘a1 —a4‘x4 =1
‘az —al‘x1 +‘a2 —a3‘x3 +‘a2 —a4‘x4 =1

‘a4 —al‘x1 +‘a4 —az‘xz +‘a4 —a3‘x3 =1

2
Ciud4 Timhamsd f(x) lién tuc sao cho f(x)= x* - _[ f(x)dx
0

X+y+z=2

Ciu 5 (a) Cho cac sb thuc x,y,z théamin <{x*+)y*+z°=3

xyz=4

Chtrng minh rang:
1 1 1 -1

+ + = =k vatinh k.
xy+z-1 yz+x-1 zx+y—-1 (x-D(y-D(z-1)

(b) Trong mdt budi sinh hoat cua cau lac bd c6 100 ngudi tham du. Trong
d6 c6 85 nguoi mic 4o do, 80 ngudi mang giay den, 75 ngudi deo dong
hd va 70 ngudi d6i nén. Hoi co it nhat bao nhiéu ngudi thoa man tat ca
cac diéu kién trén?



TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2014-2015
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

Ciaul (a) Chungminh ring voi n>0, tich phan sau khong phu thudc vao n

(SR

I= I[cosz(sin” x) +sin’(cos” x)] dx
0

(b) Chohamsb f(x)=x(x—1)(x—2)...(x—2014). Tinh f'(2014).

Cau2 (a) Chodiysd: u; =luy=2+u,uy =34y, tty =k +uy_,...

: k(k+1
Ching minh rang:  u, = %
(b) bat §, =1+ N S 1
11 1 11
I+— 1+-+— I+ +.+—+—
3 36 3 U1 Uy

Chimg minh rang:  S,y,, > 1010

X+ Xy +x34+...+x,=0
—3x + x4+ +x, =2
Cau3 Gidi h¢ phuong trinh  {x, +x, —7x;+...4+x, =2

X +x,+x+..—2"=Dx, =2

Caud4 (a) Tim da thirc bac nho nhit dat gia tri cuc dai 13 6 tai x=1 va gia trj

cuc tiéu 1a 2 tai x=3.

(b) Timhamsd f(x) c6 dao ham lién tuc trén R thoa méin
F@=[[r o317 0100 ]d+8
0

Cau5 (a) Cho x*+x+1=0.Ching minh rang : l:x2.
X

Tir d6 tinh gié tri ciia biéu thirc:

1 1 1
A=x+x> 4+ +x o —
X x2 2014

(b) Trong cudc thi chay giao hiru gitra hai doi, moi doi 5 nguoi. Van
dong vién nao vé tht n thi doi d6 dugc n diém va khong c6 van dong
vién nao dong hang. Poi ndo it diém hon s& thing. Hoi d6i thing c6 thé
nhan dugc diém 1 cac gia tri nao?



TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2015-2016
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

xlnx+(x—1)In(x-1) I
x(x—1)

(b) Gia st f(x) la ham lién tuc va duong véi moi x > 0.

Ciul (a) Tinh nguyén ham I :I

]C‘tf(t)dt

Chimg minh ring g(x) = 12 ham dong bién trong khoang (0,+o0) .

j f(t)dt
0

Goiy: Néu F(x) :f f(H)dt thi ar) _ f(x)
) dx

=a

Cau2 Cho a<[0;1] vadaysé {x,} xac dinhboi | '
X, =2x,1-x,), Vn=>1

(a) Chirng minh rang X, S% voimoi n>1.

(b) Ching minh day {x,} hoi tu va tinh lim x,.

n—>+0
2x 4+ Xy — x3+2x, +x5— x5 =1
—X; +2x, +2x3 + X4 + X5 — X6 =1

A - n . xl_2X2+2X3 +X4+x5_x6:1
Cau 3 Giai hé phuong trinh

=2X; =Xy — X3 +2x, + x5 — X =1

=X+ 2xy + Xy =Xy +2X5 + X5 =1

Cidud4 Chohamsé f(x) lién tuc trén {%;2} thoa man xf'(x)+ lf(l) <2.
x° \x

2
Chumg minh ring j f(x)dx<2In2.
1/2
Cau 5 (a) Tim dathic P(x) c6 bac 16n hon 2 va thoa man P(2x) = P'(x).P"(x).

(b) Hai ban 4 va B tién hanh mot tro choi voi 2015 hat ddu, theo cach ldy
luan phién nhau. M61 lan co thé lay khoi déng hat dau 1, 2 hodc 3 hat.
Nguoi nao lay cudi cung hét dau trong déng thi nguoi do thang Tim chién
thuat cua nguoi ludn thang? Khi ndo 4 1a nguoi 14y truée ma B 13 ngudi
thing, néu B biét chién thuat d6?



TRUONG PH THUY LQI DPE THI OLYMPIC TOAN SINH VIEN 2016-2017
B0 mon Toan hoc Thoi gian lam bai : 150 phut.

Cau 1 (a) Sir dung phép doi bién x =a — y v6i a thich hop dé tinh tich phan sau

_ f In(9 — x) N
) JIn(9 - x) +/In(x + 3)

(b) Cho da thirc P(x) thoa min diéu kién P(1) = —P(0).

1 1
Chtng minh rang f P"(x)x(x —1)dx =2 f P(x)dx

n

Ciu 2 Cho diy sb {u,} xac dinh boi cong thuc u, = ln[l — Lz voi n=2,3,4,...

: : . 1
Rut gon tong S =u, +u;3 +...+u,. T do chimg minh lim § = 1n5.

n—oo

Cau 3 Giai hé phuong trinh:

1Jr 2 3
X+y y+z z+x

1 2 3
- + =1
xX+y y+z z+x

1 2 3
— + —+ :1
x+y y+Z zZ+X

=1

Ciu4 Tim ham sd J(x) c6 gié tri 16n hon 1 va xac dinh véi moi X >0, biét rang

[f(x)+1]2:\/x+1+1
f(x)—1 \/x—l—l—l'

Ciu 5 (a) Trong mit phang, mot tap hop gdm 8 dudng thiang song song cit mot
tap hop gdom n dudng thang song song theo phuong khac, tao thanh 420
hinh binh hanh (nhiéu hinh ¢6 thé phu hinh kia). Hay tinh 7.
(b) C6 4 nguoi dan ong 4, B, C, D can di qua mot
chiéc cau rat yéu trong dém t6i. Khong may la chi co @ A\
mot cay dudc, khong c6 dude thi khong thé qua cau ;ﬁ y 7y

duoc. Thoi gian qua cau cua A,B,C,D lan luot 1a: 1

phut, 2 phat, 7 phut va 10 phut. Mdi luot di chi duoc

nhiéu nhéat 2 nguoi va theo thdi gian cua nguoi di )

nhiéu hon. Hoéi thoi gian ngan nhat dé 4 nguoi dan 6ng ~ Anh minh hoa.
qua cau 1a bao 1au?



TRUONG PH THUY LQI DPE THI OLYMPIC TOAN SINH VIEN 2017-2018
B0 mon Toan hoc Thoi gian lam bai : 150 phut.

dx

X

e +e*

(b) Cho ham sé f(x) kha viva f(0)=0. Str dung dinh nghia dao ham,

Caul (a) Timnguyén ham [= I

chimg minh ring )lcl_rf(l) f(x)+ f(2x)+ J;(Sx) +...+ f(nx) _ n(n2+ 1) 70)
Cau?2 Cho diysb x, théa man
x, =2017 SR
?+%+...% = (n+2018)x,,, Tim gid1 hen o X,

Cau3 ChocacsoOa, b, ¢, x, y, zthda man

x=by+cz
y=ax+cz, vOix+y+z#0 vaab,c#-1.
z=ax+by

1 1 1
+ + =
a+l b+1 c+1

Vxt+4+x-2

\/x2+4+x+2

Chung minh rang

Ciud4 Chohamsd f(x)= . Chung té rang f(x) la ham1é.

Cau 5 (a) Cho da thc P(x) théa mdn P(3x)— P(x)=16x> —10x. Tim cac hé
s6 ab,c @& ham sb  f(x)=P(x)—(ax*+bx+c) thoa man
f(3x)= f(x) voimoi xeR.

(b) Cho mang ludi giao thong mot

A \ ~ , - A X
chiéu nhu hinh v&, véi x,,x,,x5,x, ' B 400

la lvu luong xe di trén cac con
duong. SO xe di vao nat A 1 500 va
di ra ntt B, C lan lugt 1a 400, 100.
Tai mdi nit ctia mang ludi, luén cd
tong luu luong xe di vao bang xe di
ra. Ngoai ra luu luong trén duong
AB gip 4 lan luu luong trén dudng
CD. Tim luu luong xe di trén moi
con cirding




TRUONG PH THUY LQI DPE THI OLYMPIC TOAN SINH VIEN 2018-2019
B0 mon Toan hoc Thoi gian lam bai : 150 phut.

x 3

€ dx. (goiy: déibién =2, véi a thich hop)

302 _
Cau 1 (a) Tinh tich phan 7 = j
X

(b) Mot nha may loc dau dat tai diém A trén dudng cao téc thing va mot
kho dau dit tai diém B trén canh dong rong. Tir 4 theo dudng cao téc 8 km
t6i diém C, sau d6 di tiép 12 km vudng goc véi duong cao toc sé& dén B.
Mot 6ng dan dau dugc xay dung tir 4 doc theo duodng cao tbc dén diém D
va ndi thing dén B. Tién xay dung mdi km doan qua canh ddng nhiéu gap
2,6 1an so véi doan doc theo duong cao tdc. Tim vi tri diém D sao cho tién
x4y dung dudng dng dan dau 13 it nhat.
x =1
Cau?2 Cho daysd {x,} thoa man 2

_n
Xl = + Xy

(a) Chtrng minh rang {xn} la day don diéu tang va lim RS =0.

n—® X,

(b) Tim gidi han lim[ﬁ+x—2+...+ all )

e\ Xr A3 Xn+1
23] + 3 + 23+ + X009 =2
X 2x) 25 A X000 = 4
Cau 3 Gidi hé phuong trinh  {x; +x, +2x3 4+ -+ X599 = 6

Cau 4 Cho da thic P(x)thoa man P(0)=P(1)=0, P(2)=2va P"(x)=0VxeR.
1 1 2017

——t—— ...

P(2) PQ®) P(20l8) 2018

Chimg minh rang:

(@]
o
tm
=]
Q
T

—

Ciu 5 (a) Mot gara 6t0 hinh vudng gdm 10x10 6, mbi 6 A B
X

c6 thé do duoc mot 6t6 hoac lam 161 di. Gara co

tuong bao boc xung quanh, chi dé mét cira ra vao o

goc trén bén trai vi tri 6 Al. Nguoi chu gara muén

sap xép o6td dé mot chiéc xe bat ky c6 thé ra vao

gara ma khong bi chan boi cac xe khac. Trén hinh 1a

R=RE-ClEE N B R R N S

mot phuong an cho 54 chd d6 xe. Chic chin

phuong an nay chua phai 1a to6i vu vi con qua nhiéu

bl
>
>
>
>
b
b
b

chd tréng. Hay dé xuit mot phuong an c6 it nhat 60
chd do xe.

(b) Cho moét mang hinh vudng gom 4x4 6 vudng. Tai m01 0, nguoi ta
dién ngau nhién mot trong ba sb: —1, 0 hodc 1. Tinh tong tat ca cac 0 theo
hang, theo c6t va theo hai duong cheo Chung minh rang ton tai it nhat hai
tong c6 gia tri bang nhau.




TRUONG PH THUY LQI PE THI OLYMPIC TOAN SINH VIEN 2019-2020
B§ mon Toan hgc Thoi gian lam bai : 150 phut.

Cau 1. a) Ky hi¢u R} = {x ER|z> O}. Hay xac dinh ham nhan gia tri duong
F(z) voi tap xac dinh R (tac 1 f(z) € RT véi moi z € R7) biét rang:

Ve +14+1  |{f(z)+1+1 2

Je+1-1 | Jf@)+1-1

3
X

b) Cho ham sé f(x)lién tuc trén doan [0;1] va théa man f(x)=12x"f(x")- e
X

Hay tinh tich phan 7= J f(x)dx.
0

Céu 2. Cho day sd {x,}" xac dinh boi:
x =1

2n 2n :

Gy (TR e ) S AT 22

_ (n+1)(n’ —|—1)x

3
n n

b) Chung minh rang: x, <4(n—1) véimoi n>2.

a) Chiong minhrang: x véi moi n>1.

xy+x+y=15
Cau 3. Cho cac sd duong x,y,zthoa man: {yz+y+z=3 _ Tinh S=x"+)*+2°.
zx+z+x=24
Ciu 4. Biét rang da thic P(x) chia cho x-2 du 5 va chia cho x-3 du 7. Tim
phan du cuia da thirc P(x) khi chia cho (x—2)(x-3).
Céu 5. a) Mot nhom gia dinh di da ngoai bang tau. Mdi vé tau st dung duge cho 5

Ar e , AP T x.
nguoi 16n. Mot tré em st dung vé bang Eve nguoi 16n. Moi ngudi 16n duogce

T T S SR
mang theo mot chi ch6 mién phi va tir cht cho thir 2 thi tinh bang 3 vé nguoi 1on.

Biét rang ho di st dung hét 4 vé va s6 ché gap 3 1an sd ngudi va trong nhém ludn
c6 nguoi 16m. Hoi tdi thiéu s& co bao nhiu con chd duoc 1én tau cling nhom gia
dinh d6?

b) Nhan dip ni€ém 60 ndm thanh 1ap Truong Pai hoc Thuy Logi, Hoi sinh vién to
chirc cdm trai va phan thi duoc mong chd nhat 14 goi va ran banh chung. Mdi doi
phai ran chin 12 miéng banh chung, miéng banh chung dugc coi 1a chin khi ran
chin 2 mat to nhat, (trung binh 5 phut ran chin 1 mat). Biét réng cac doi chi duoc
str dung chao “phi 28” do ban t6 chirc cip va chao loai nay chi xép duoc toi da 8
miéng banh chung cing mdt lic. Coi nhuy trinh d6 ran banh ciia cac doi nhu nhau
va chién thang thuc vé doi ran xong nhanh nhat. Hoi doi chién thing s& mat bao
nhiéu phat dé hoan thanh viéc ran banh?



